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Abstract. In this paper, we study the dynamical aspects of the Hamilton- 
ian homeomorphism group Hameo(M, u>) which was introduced by Miiller and 
the author. We introduce the notion of autonomous continuous Hamiltonian 
flows and extend the well-known conservation of energy to such flows. The 
definitions of the Hofer length and of the spectral invariants p a are extended 
to continuous Hamiltonian paths, and the Hofer norm and the spectral norm 
7 : Ham(M, ui) — > R+ are generalized to the corresponding intrinsic norms on 
Hameo(M, lo) respectively. Using these extensions, we also extend the con- 
struction of Entov-Polterovich's Calabi quasi-morphism on S 2 to the space 
of continuous Hamiltonian paths. We also discuss a conjecture concerning 
extendability of Entov-Polterovich's quasi-morphism and its relation to the 
extendability of Calabi homomorphism on the disc to Hameo(D 2 ,dD 2 ), and 
their implication towards the simpleness question on the area preserving home- 
omorphism groups of the disc D 2 and of the sphere S 2 . 



1.1. Topological Hamiltonian flows. A time-dependent Hamilton's equa- 
tion on a symplectic manifold (M , lu) is the first order ordinary differential equation 



where the time-dependent vector field Xh associated to a function H : R x M — > K 
is given by the defining equation 



Therefore if we consider functions H that are C » so that one can apply the existence 
and uniqueness theorem of solutions of the above Hamilton's equation, the flow 
1 1— > (j/jj, an isotopy of diffeomorphisms, is uniquely determined by the Hamiltonian 
H. We will always assume 

2000 Mathematics Subject Classification. Primary 53D05; 28D10. 

Key words and phrases, hamiltonian limits, continuous Hamiltonian flows, continuous Hamil- 
tonian, Hamiltonian homeomorphism group, area preserving homeomorphism group, Calabi ho- 
momorphism, spectral invariants, Entov-Polterovich quasimorphism. 

Partially supported by the NSF grant # DMS 0503954 and a grant of the 2000 Korean Young 
Scientist Prize. 



1. Introduction 



x = Xu(ti x) 




dH t =X Ht \io. 
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(1) the Hamiltonians are normalized by J M Htd/i = for the Liouville mea- 
sure d\i of (M, lo) if M is closed, 

(2) and they are compactly supported in IntM if M is open. 

We call such Hamiltonian functions normalized. For the convenience of exposition, 
we will focus on the closed case unless otherwise said. All the discussions in this 
paper equally apply for the open case too. 

We denote by C^(M) the set of normalized smooth functions on M and by 
P(C™(M)) = C~([0, 1] x M) the set of time-dependent normalized Hamiltonian 
functions. We will also denote the Hamiltonian isotopy generated by H by 



Conversely if a smooth isotopy A of Hamiltonian diffcomorphisms is given, we can 
obtain the corresponding normalized Hamiltonian H by differentiating the isotopy 
and then solving (|1.1[) . Therefore in the smooth category this correspondence is 
bijective. 

On the other hand, due to the fact that this correspondence involves differ- 
entiating the function and solving Hamilton's equation, the correspondence gets 
murkier as the regularity of the Hamiltonian is weaker than C ' because of solv- 
ability question of Hamilton's equation. 

In |OM| , the author and Muller studied this relation and introduced the notion 
of hamiltonian limits of smooth Hamiltonian flows and proposed the notion of con- 
tinuous Hamiltonian flow as the hamiltonian limits thereof. Then we introduced the 
C°-concept of Hamiltonian diffcomorphisms, called Hamiltonian homeomorphisms, 
which forms a normal subgroup of the group of symplectic homeomorphisms: Mo- 
tivated by Eliashberg's C°-symplectic rigidity theorem [El] , we defined in |OM] 
the group of symplectic homeomorphisms as follows. We give the compact-open 
topology on Homeo(M), which is equivalent to the metric topology induced by the 
metric 



on a compact manifold M. 

Definition 1.1 (Symplectic homeomorphism group). Define Sympeo(M,uj) 
to be 

Sympeo(M,uj) := Symp{M,w) 

the C°-closure of Symp(M, uj) in Homeo(M) and call Sympeo(M, u>) the symplectic 
homeomorphism group. 

We now recall the formal definition of continuous Hamiltonian flow introduced 
in |OM) . Hofer's L^ 1,00 ) norm of Hamiltonian diffeomorphisms is defined by 



where H i— ► <f> means that <fi — (f>jj is the time-one map of Hamilton's equation 



(j> H : t •-> 



d{4>, tp) = max.{d C o((f),'ip),dco((f> 1 ,4> 1 )} 



U\\= inf JH\\ 



x = Xjj(t, x) 



and the norm ||iJ|j is defined by 



(1.2) 
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For two given continuous paths A, /i : [a, b] — > Homeo(M), we define their distance 
by 

(1.3) d(X,ii)=maxd(X(t),u(t)). 

te[a,b] 

Following |OM| . we denote by 

V ham {Symp{M,u),id) 

the set of smooth Hamiltonian paths A : [0, 1] — > Symp(M,u>) with A(0) = id, and 
equip it with the Hamiltonian topology |OM| . 

Definition 1.2 (C°-Hamiltonian topology) . Let (M, lo) be a closed symplectic 
manifold. 

(1) We define the C° -Hamiltonian topology of the set V ham {Symp{M,uj),id) 
of Hamiltonian paths by the one generated by the collection of subsets 

W(0H,ei,e 2 ) := 

[4>h> £V ham (Symp(M,u;),id)\\\H#H'\\ < e^d^n^w) < £2} 

o{V ham {Symp(M,uj),id) forei, e 2 > and H G V ham {Symp(M,Lu),id). 
We denote the resulting topological space by Vg am (Symp(M,u}),id). 

(2) We define the C° -Hamiltonian topology of Ham(M, to) to be the strongest 
topology such that the evaluation map 

(1.5) <»i : V ham {Symp(M, u), id) -> Ham(M) 

is continuous. We denote the resulting topological space by Ham(M,uj). 

We will call continuous maps with respect to the Hamiltonian topology Hamiltonian 
continuous. 

The C°-Hamiltonian topology of V ham (Symp(M,uj),id) is equivalent to the 
metric topology induced by the metric 

dham(X, n) ■■= d(X, fi) + leng(A -1 ju) 

where d is the C° metric on V (H omeo(M) , id) . (See Proposition 3.10 |OM| .) 

Definition 1.3 (Topological Hamiltonian flow). A continuous map A : R — > 
Homeo(M) is called a topological Hamiltonian flow if there exists a sequence of 
smooth Hamiltonians Hi : M X M — > R satisfying the following: 

(1) <f)H, — * A locally uniformly on R x M. 

(2) the sequence Hi is Cauchy in the L( 1: °°)-topology and so has a limit H^ 
lying in L^ 1 ' 00 ). 

We call a continuous path A : [a, b] — > Homeo(M) a topological Hamiltonian path 
if it satisfies the same conditions with R replaced by [a, 6], and the limit L^' 00 )- 
function i/oo a topological Hamiltonian. In any of these cases, we say that the pair 
(A, Hqo) is the hamiltonian limit of ((f>Hi,Hi), and write 

hlim woc (0 ffi ,i7i) -» (A, -Ho,) 

or sometimes even hlim^ 00 ((/)^f i , i?j) = A. 
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We denote by Vt^^(Sympeo(M,ui),id) the set of topological Hamiltonian 
paths defined on [a, b]. When [a, b] = [0,1] or when we do not specify the do- 
main of A, we often just write V ham (Sympeo(M,uj),id) for the corresponding set 
of topological Hamiltonian paths. 

Definition 1.4 (Hamiltonian homeomorphism group). We define 

Hameo{M,uj) = evi{V^{Sympeo{M, u), id)) 

and call any element therein a Hamiltonian homeomorphisms 

One basic theorem proved in [OMj is that Hameo(M, uj) forms a path-connected 
normal subgroup of Sympeo(M,uj). 

1.2. Continuous Hamiltonian flows: statement of main results. All 

the above discussion can be carried out using the stronger version, or the in- 
version of Hofer's norm 

ll-fflloo := max(osciJ f ) 
te[o,i] 

and define the set V^ m (Sympeo(M 7 uj) 7 id) by replacing || • || by || • W^. We call 
any element thereof a continuous Hamiltonian path. 

In [OMj . we defined the set of C° -Hamiltonian homeomorphisms by 
(1.6) 

Hame 0oo {M,u) = {h £ Homeo(M) | h = ev 1 (X), A e V^ m {Sympeo{M, oj), id)}. 
The following theorem was proved by Muller [Muj 
Theorem 1.5 (Muller). We have 

Hameo{M,uj) = Hameo 00 (M,Lu). 

In view of this theorem, we will drop oo from HameOoo (M, ui) from now on. 

The following uniqueness theorem for continuous Hamiltonian flows, which was 
asked in |OM| (in the L^ 1,00 ^-context), was proved by Viterbo for the closed man- 
ifolds and by the author for the compactly supported case on open manifolds 

Theorem 1.6 (Viterbo |V2j . Oh |Oh9j ). Suppose that Hi is a sequence of 
smooth normalized Hamiltonians that uniformly converges in [0, 1] X M . Then if 
ipHi converges uniformly to the constant path id, then we have lim^ Hi = 0. 

We refer to |Oh9j for the locality result of C°-Hamiltonians. The following 
uniqueness result in the context of L^ 1 ' 00 ) Hamiltonians is still open. 

Question 1.7. Does the uniqueness hold for L^ 1,00 ^-Hamiltonians? 

Because of this lack of uniqueness result in the more natural L^'^-context, 
we will restrict our discussions from now on in this paper mostly to the context of 
continuous Hamiltonian flows. (However all the results would hold true and could 
be proven in the same way for the topological Hamiltonian flows if this uniqueness 
theorem should be proved in the L^ 1 ' 00 ) context.) 

Using the uniqueness result, we first establish the following one-one correspon- 
dence. This extends the well-known correspondence in the smooth category to this 
continuous Hamiltonian category. See the next sections for more precise statements 
and some discussion on this correspondence in perspective. 
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Theorem 1.8. We have a canonical one-one correspondence 

(1.7) ?C([0, 1] x M, R) < — ► V^ m (Sympeo(M, w), id) 

where 7i^([0, 1] x M, R) is i/ie set of (normalized) continuous Hamiltonians and 
V^ m (Sympeo(M,ui),id) is the set of continuous Hamiltonian paths. And the fol- 
lowing diagram commutes : 

C~([0,1] X M,R) < — > V ham {Symp(M,Lu),id) 

(1.8) I I 
W°,([M] X M,R) < — ► V'™ m {Sympeo{M,uj),id) 

where the vertical maps are canonical inclusion maps. 

We like to point out that the set 7i^([0, 1] x M,R) contains all C 1,1 functions 
and 'P^ m (Sympeo(M, w), id) contains all the Hamiltonian paths generated by C 1,1 
functions. 

The correspondence (|1.7p can be interpreted as the criterion for a C°-Hamiltonian 
H to allow a weak solution of Hamilton's equation x = Xn(t, x). It would be inter- 
esting to make this statement more precise in the point of view of the generalized 
or distribution solutions of ordinary differential equations. 

As we will illustrate by several theorems concerning the general properties of 
continuous Hamiltonian flows, this one-one correspondence will be a crucial ingre- 
dient to prove those theorems. We refer to Theorem l2.3l Theorem [531 Proposition 
14.21 Theorem 15.31 and Theorem 16. 61 for example. 

It is interesting to study this correspondence between continuous Hamiltonian 
paths and their Hamiltonians in the point of view of Lie group theory, which is a 
subject of future study. However, as a step towards this goal, we prove the following 
theorem using the uniqueness theorem. We refer to Theorem 12. 51 for a more precise 
statement. 

Theorem 1.9. Suppose that A £ 'P^ m (Sympeo(M,uj),id) is a one-parameter 
subgroup, i.e., a path satisfying 

X(t + s) = \{t)\(s) 

whenever t, s andt+s lie in the domain of X. Then its Hamiltonian H is continuous 
and time-independent. And the converse also holds. 

Similarly via the uniqueness theorem, we also prove in Theorem 12.61 that the 
autonomous continuous Hamiltonian flow preserves its Hamiltonian. 

Theorem 1.10. Let H be an autonomous continuous Hamiltonian and 4>h be 
its flow. Then we have H o <f> s H = H for all s. 

This generalizes the well-known conservation law of smooth autonomous Hamil- 
tonian mechanics. It leads us to the following natural C°-generalization of the exis- 
tence question of a time-periodic closed orbit for autonomous Hamiltonian system 

Question 1.11. Does there always exist a periodic orbit of continuous Hamil- 
tonian flows on the hypersurface of a 'generic' level of a convex autonomous con- 
tinuous Hamiltonian? 

The uniqueness theorem is also essential to extend the definitions of the Hofcr 
length and the spectral invariants constructed in [Oh5j to continuous Hamiltonian 
paths: All the smooth constructions concerning the Hofer length and the spectral 
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invariants use the Hamiltonian functions in their constructions, but not directly 
their associated Hamiltonian paths. They are interpreted as the invariants of the 
latter only via the one-one correspondence between the Hamiltonian flows and the 
Hamiltonian functions. Therefore extending these constructions to the topological 
category attached to the continuous Hamiltonian paths, not to the functions, re- 
quires this uniqueness theorem. We refer readers to sections H] and [5] for the study 
of these extensions. In section[6j as an application of this generalization of spectral 
invariants, we extend Entov-Polterovich's study |EPj of Calabi quasi-morphisms to 
the space V ham (Sympeo(S 2 ) , id) of continuous Hamiltonian paths on S 2 and state 
a conjecture (Conjecture 16. 7[) . Finally in section[7l we discuss an implication of this 
conjecture to the simpleness question of area preserving homeomorphism group of 
the disc and of the sphere. 

We thank S. Miiller and A. Fathi for many helpful comments and discussions. 
We are also very grateful to the anonymous referee for providing useful comments 
and suggestions to improve the presentation and English of the paper and for asking 
us a question the answer of which we provide by adding Theorem 17.71 and 17.81 to 
this version of the paper. 

Notation: Since our main concern in this paper is in the L°° context, we will drop 
oo and just write V ham (Sympeo(M,us),id) for V^ m (Sympeo(M,uj),id) from now 
on to simplify the notations, unless explicitly mentioned otherwise. 

2. One parameter subgroups 

We consider the developing map 

Dev : V ham (Symp(M,oj),id) -> C%([Q, 1] x M, K) : 

This is defined by the assignment of the normalized generating Hamiltonian H of 
A, when A = 4>h ■ 1 i— ► (jr H . We also consider the inclusion map 

iham ■ V ham (Symp{M,uj),id) -> V(Symp(M,u),id) ^ T(Homeo(M,uj),id). 

Imitating |OM], we call the product map (iham, Dev) the unfolding map and denote 
the image thereof by 

(2.1) Qoo := Image(i ftam , Dev) C V(Homeo(M),id) x C° ([0, 1] x M,R). 

Then both maps Dev and tham are Lipschitz with respect to the metric dham on 
'P ham (Symp(M, us), id) by definition and so the unfolding map canonically extends 
to the closure in V(Homeo(M),id) x C^([0, 1] x M,R) in that we have the 
following continuous projections 

(2.2) l ham :Q 00 ^V(Homeo(M),id) 

(2.3) D^v" : Qoo -» C« ([0, 1] x M, M). 

We would like to note that by definition we also have the extension of the 
evaluation map ev% : P ham (Symp(M,uj),id) -> Symp(M,uj) -> Homeo(M) to 

(2.4) evi : Image(l^ am ) — > Homeo(M). 

The following theorem was proved in |OM] in the L^ 1,00 - 1 context. The proof 
for the L°° context is very simple which we present here. 

Theorem 2.1. The subset HameOoo(M,Lu) is a path- connected normal sub- 
group of Sympeo(M,uj) (with respect to the subspace topology). 
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Proof. We refer to |OM] for the proof of the group property and focus on 
the proof of normality of the subgroup HameOoc(M,tu) in Sympeo(M,ui). 

Let h G HameOao^Mjio) and g G Sympeo(M,uj). By definition, there exist 
a sequence Hi of Hamiltonians such that hlimi—nx, (<^h 4 , Hi) — (4>h x > -ffoo) and 
= /i, and a sequence ^ € Symp{M,w) such that lim c o ^£>j = g. Obviously 
lim^o Hi o ipi = H o g and ■0i^_f/ i V'i~ 1 converges in C°-topology and 

lim ipt^H^ip' 1 = ghg~ x . 

i — >00 

Hence by definition, we have proved ghg^ 1 € HameOoo(M,tjj) and hence the nor- 
mality. Path-connectedness is immediate since the above proof shows that any 
element h G HameOoo(M,u;) can be connected to the identity via a path lying in 
Hameo 00 (M,uj) that is connected in Sympeo(M,uj). □ 

In terms of this group, we also call a continuous Hamiltonian path A a C - 
hamiltonian- continuous map from [0,1] to Hameo{M,uj) and often denote it as 
A : [0, 1] — ► Hameo(M,ui). Similarly to the case of the interval [0, 1], we can define 
a continuous Hamiltonian path on [a, b] with b > a 

A : [a, b] — > Hameo(M,uj) 

to be a path such that 

(2.5) A o (X(a))- 1 e V^(Sympeo(M, u), id) 

where we define P]™™(Sympeo(M,uj),id) similarly as P ham (Sympeo(M,uj),id) 
with [0, 1] replaced by [a, b]. 

Next, we define 

H m := Image(Dev) 
and call any element therefrom a continuous Hamiltonian. 

We first prove the following theorem by the argument used in OM . 

Theorem 2.2. The map Dev : Qoo — > H^([0, 1] x M, R) is a bijective map. 

Proof. Recalling that the map is nothing but the restriction to Qoo of the 
projection 

P(Homeo(M),id) x ^([0,1] x M, R) -» C*([0, 1] x M,R) 

and 7i^([0, 1] x M, R) is defined to be its image of Qoo, Dev is a well-defined surjec- 
tive map. To prove that it is also one-one, we need to prove that if (A', H), (A, H) G 
Qoo C V ham (Sympeo(M,oj),id) x H° n ([0, 1] x M, R) , then A = A'. 

By definition, if (X,H) G Qoo, there exists a sequence of smooth Hamiltonians 
Hi such that 

(2.6) Hi^H inC°, d((f> Hi , A) 0. 

Applying the same argument to (A', iJ), we obtain another sequence H[ such that 

(2.7) H[^H inC°, d(0 ff ,,A')-*O. 
Combining (|2.6[) and (|2.7[) . we in particular have 

(2.8) HJTi-JJjUoo^O. 

Now we will prove the theorem by contradiction. Suppose A ^ A'. Then, since 
we A(0) = A(0) = id, there exists s G (0,1] such that A(s) ^ ^'( s ) and so 
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(A(s)) 1 o A'(s) 7^ id. Since (A(s)) 1 o A'(s) is a continuous map, there exists a 
closed symplectic ball B C M such that 

(2.9) (A(s))- 1 oA'(s)(B)nB = f) 

Since B is compact and (0?/.)" 1 ° 4> s H i — > (A(s)) -1 o A'(s) uniformly, we have 

(ft j )" 1 °fej(s)ns = 

for all sufficiently large i's. 

We recall that when i— > 0^ we have iP i— > ^ where Jf s : [0,1] xM-»l is 
the Hamiltonian defined by 

ff s (t,x) = sH(st,x). 

And the product 4>h4>f is also a Hamiltonian path which is generated by the product 
Hamiltonian Hjj^F which is defined by 

H#F(t,x) ^H(t,x)+F(t,^ H (x)) 

and the inverse <p^ is generated by the Hamiltonian 

H(t,x) := -H(t,<f>„{x)). 

Therefore we have H^#Hj* i— > (</>#. ) _1 ° fc< where hI^H'* is given by 

Hl#H^{t,x) = -H!(t^ s l(x))+H' t s (t,^(x)) 

(2.10) = S (^(^,^(x))-^(^^W))- 
Then the energy-capacity inequality from |LM] implies 

(2.11) pTi#ffHU > \c{B) > 

where c(-B) is the Gromov area of the symplectic ball B. On the other hand, it 
follows from (|2.10[) that for any Q < s < 1, we have 

||St#^|| 00 = S ||ff i -fl/|| 00 < H^-^'lloo 

which converges to by (|2.8p . This contradicts to (|2.1ip and finishes the proof of 
A = A'. □ 

Combining Theorem [2?2] with the uniqueness of Hamiltonians, we immediately 
derive the following one-one correspondence which extends the well-known corre- 
spondence between smooth Hamiltonians and smooth Hamiltonian flows. 

Theorem 2.3. The composition map 

lham o (Div)- 1 : H° m ([0, 1] x M,R) V ham (Sympeo(M, w), id) 

provides a one-one correspondence between the two sets, V ham (Sympeo(M,uj),id) 
and 7i ([Q, 1] x M, R) under which the following diagram commutes: 

C~([0,1] x M,R) — ► V ham {Symp{M,uj),id) 

(2.12) | | 

W°„([0, 1] x M, R) — ► V ham {Sympeo{M, u>),id) 

Via this correspondence, we will also denote the value 4>h{s) S Sympeo(M,uj) 
of the continuous Hamiltonian path by 0fj. It is easy to check that 0|f itself 
lies in Hameo(M,uj) since _ff s defined by H s (t,x) — sH(st,x) is a continuous 
Hamiltonian generating <jf H , i.e., 0^(1) = 4>h(s) = </>#■ 

The following is a natural question to ask 
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Question 2.4. Is Hameo(M,uj) a Lie group, or does it contain a subgroup 
which is a Lie group bigger than Ham(M)? 

As a first step towards to the study of this question, we prove the following 
theorem 

Theorem 2.5. Suppose that A £ V ham (Sympeo(M,ui),id) is a continuous 
Hamiltonian path and H its Hamiltonian. Then the fallowings are equivalent: 

(1) A is a one-parameter subgroup, i.e., a path satisfying 

A(t + s) = A(i)A(s). 

(2) H is time-independent, i.e., there exists a continuous function h : M — ► K 
suc/i i/iat H — ho n(t,x) (i.e., H t = h everywhere in t G [0, 

FFe caH any such function h : M — > K an autonomous continuous Hamiltonian of 
[M,oS) and denote by ham'^ t {M,uj) the set of such Hamiltonians. 

PROOF. Suppose that A is a one-parameter subgroup. Let Hi be a sequence 
of smooth Hamiltonian functions such that (4>Hi,Hi) — ► (A, if). We consider the 
identity 

A(t + s)A(s)- 1 = A(t). 

Then for each given s we have 

(2.13) tu'w 1 - A (* + ^(^r 1 = A w 

uniformly in t. We denote by /i| = yu| (t) the smooth path defined by 

Note that /if (0) = id. A straightforward computation shows 

Dev(nl)(t,x) = Hi(t + s,x) 

i.e., the function Gi(s) defined by Gi(s)(t, x) = Hi(t + s, x) generates the Hamilton- 
ian flow t i— > 0^" s ((/)| f .) _1 . However the latter converges to X(t + s)A(s) -1 = X(t) 
in the metric d. Obviously the sequence Gi(s) defines a Cauchy sequence in C° on 
[c, d] x M for any interval [c, d) . Then by the uniqueness of the Hamiltonian |V2j , 
|Oh9j we must have 

(2.14) G 00 (s) = H 
for all s where Goo(s) is the limit 

Goo(s) := limGi(s). 

c° 

On the other hand, using the convergence of Hi — > i? in C° we can also write 

(2.15) Goo (*)(«, a;) = ff(t + »,i) 

in C° for each fixed s. Therefore combining (12. 14[) and (|2.15p . we have proved 

(2.16) H{- + s,-)=H 

as a C° function for all s. This also implies H t = for all t, s. Setting h : M — > R 
to be the common function, we have proved that (1) implies (2). 

Conversely suppose that H = h is continuous and time-independent i.e., /i(s + 
t, x) = ft,(t, x) for all s, i. We need to show 0^ +t = 0^ • <f) s h i.e., 

(2.17) ^-(^r^^. 
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But the flow 1 i— > </>^ + * • has been shown to be generated by the Hamiltonian 

G defined by G(s)(t, x) = h(t + s, x). By the assumption, we have G(s) = h for all 
s. Now injectivity, Theorem 12. 2[ of Dev implies the flow t i-» • ((p^)^ 1 should 
coincide with the flow 1 i— ► <^ and hence (|2.17j) . □ 

A similar argument gives rise to the law of conservation of energy under the au- 
tonomous continuous Hamiltonian flow. This extends the well-known conservation 
law in the smooth autonomous Hamiltonian flow. 

Theorem 2.6. Let H be an autonomous continuous Hamiltonian and (j>H be 
its flow. Then we have H o <fi s H = H for all s. 

Proof. We note that the conjugate flow 

is generated by the continuous Hamiltonian H o <fr s H for each s: This follows by a 
similar argument by considering an approximating sequence Hi and recalling that 
the statement holds for a smooth flow. 

On the other hand, Theorem 12.51 implies that <f>u is a one-parameter subgroup 
and so we have 

(r H r^u s H = ¥h 

which is generated by H. By the uniqueness result, we must have H o <j> s H — H for 
all s. This finishes the proof. □ 

3. One-jets of continuous Hamiltonian paths 

In this section, we would like to associate a vector space to each element (j> £ 
Hameo(M, to) which would play the role of a 'tangent space' to Hameo(M, u>) at 
</>. 

We first define the notion of '1-jets' of continuous Hamiltonian paths at G 
Hameo(M,u>). For this purpose, we recall the definition of the tangent map Tan : 
V ham (Sympeo(M,u),id) -> C^([0, 1] x M, E) from |OM|: this is defined by 

1aa(\)(t,x) = H(t,4> t H (x)) 

if A = 4>h, i.e., if Dev(A) = H. From this, it follows that we have the identity 

Tan"(A) = Dev(A) o A. 

Here we note that the right hand side Dev(A) o A is defined by the formula 

(Dev(A) o X)(t, x) =Dev(A)(t,A(t)(a;)) 

which we remark is well-defined as an element in C°([0, 1] x M,R) because Dev(A) 
is C° and A defines a continuous map on [0, 1] x M. 

We extend this discussion to the set of continuous Hamiltonian paths issued at 
G Hameo(M,uj). 

Definition 3.1. Let <f> £ Hameo(M,uj). A continuous Hamiltonian path A 
with A(0) = 4> is the C°-limit of a sequence of smooth Hamiltonian path of the 
form 

t *-* tpHi ° 4>i 

with Hi : [0, 1] x M — > M converging uniformly and <pi — > <ft converging in C° 
Hamiltonian topology. 
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We denote by V ham (Sympeo(M , u>), <j>) the set of continuous Hamiltonian path 
A with A(0) = <j>. 

One can easily see that this definition is equivalent to the existence of a sequence 
(Hi,Fi) of pairs of Hamiltonians such that Hi and Fi satisfy the following: 

(1) both Hi, Fi converge uniformly, 

(2) <j>p i converge uniformly and (ftp, — > <fi uniformly, 

(3) and the path t h- > ^ o uniformly converges to A. 

We extend the map Tan and Dev to T >ham (Sympeo(M 1 uj) 1 (j)) by defining 
TSn(A)(t, x) = ff(*,^(0(x)) 
Dev(A)(t,a;) = 

Now we introduce the notion of 1-jets of continuous Hamiltonian paths. 

Definition 3.2. Let h G Hameo(M,uj). Consider two continuous Hamiltonian 
paths Ai, A2 defined on (— e,e) with Ai(0) = A 2 (0) = h. We say Ai ~ A2 at h if the 
identity 

(3.1) Tan(Ai)(0) = Tan"(A 2 )(0) in C°(M) 
holds. 

The following lemma is an immediate consequence of the definition. 

Lemma 3.3. The above relation is an equivalence relation. 

Definition 3.4 (One-jets of continuous Hamiltonian paths). For a given germ 
of continuous Hamiltonian path A issued at h, we denote the equivalence class of A 
at h by [A]/, and call [X]h a 1-jet of continuous Hamiltonian paths at h. We denote 
by Th the set of 1-jets of the continuous Hamiltonian paths at h. We denote 

(3.2) T:= |J T h . 

Tig H ameo(M ,uj) 

We now equip Th with a vector space structure. For the addition, we start with 
the following lemma whose proof is immediate from the definitions. 

To describe Th more concretely, let us first consider the case h = id. 

Lemma 3.5. (1) Let A x , A 2 G V ham (Sympeo(M,uj),id) satisfy Ai(0) = 

A2(0) = id. Denote by evo the evaluation att = 0, i.e., evo(H) = Hq. Let 
h = ei>o(Dev(Ai)) and g — e«o(Dev(A2)). Then h + g lies in the image of 
evo o Dev. 

(2) Let A G V ham (SympeojM, u),id) and k = Dev(A)(0) and a e R. Then 
a ■ k lies in the image of evo ° Dev. 

Proof. We consider the product path A = Ai ■ A 2 . Obviously A(0) = Ai(0) • 
A 2 (0) = id. On the other hand, the identity 

(3.3) Dev(A) = Dw(Ai) + DeV(A 2 ) o Af 1 

as a C°-function was proved in the proof of Theorem 3.23, especially (3.28) of |OMj . 
Recall this formula for smooth Hamiltonian paths is well-known. We evaluate the 
above identity at t = 0, which first implies that A = Ai • A 2 has its value given by 

Dev(A)(0) =Dev(Ai)(Q) +Dev(A 2 )(0) = h + g. 
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For the second statement with a ^ 0, we consider the rcscalcd path A a defined 

by 

X a (t) = X(at). 

Then it follows that Dev(A a )(t, •) = aDcv(A)(ai, •). This identity shows that A a has 
the value given by Dev(A a )(0) = aDev(A)(0) = ah which proves the statement for 
o / 0. When a — 0, we just consider the constant path A = id. This finishes the 
proof. □ 



For two given continuous Hamiltonian paths A, A' issued at id, Theorem 12.21 
and the above lemma enable us to define the sum 

(3.4) [Ai] w + [X 2 ] ld = [Ai • X 2 ] id . 
For the scalar multiplication, we define 

(3.5) a ■ [X\ id = [X a U. 

For the general continuous Hamiltonian paths Ai, A2 at cj) G H ameo{M , lo) , we 
note that Xi<fi~ 1 X 2 is a continuous Hamiltonian path at <j> and so we define 

[Ai]* + [Aa]* = [Ai0 _1 A 2 ]^. 

Similarly we define 

a ■ [\u = n 

noting that A a is a continuous Hamiltonian path with A a (0) = 4> if A(0) = 4>. 
The following is straightforward to check from the definition. 

Proposition 3.6. The set forms a vector space. And the maps 

Tim*, DeV : % -> C°(M), 

defined by 

IS* ([A]*) = 155(A)(0) 

and 

De^([A] ) = De7(A)(0) 

respectively, define injective homomorphisms. Furthermore the image of Dev* is 
independent of <f> S Hameo{M,Lo). 

Proof. We will just show the identity 

a ■ ([Ai],/, + [Aa]*) = a ■ [Ai]* + a ■ [A 2 ]<^ 

and leave the rest to the readers. 
We compute 

a • ([Ai]^ + [Aa]*) = a ■ [Ai0 _1 X 2 ],p = [A^ _1 X 2 ]'P 

and 

a • [Ai]* + a ■ [Aa]* = [A"]* + [Ag]* = [AJ^Ag]*. 

For the last identity, we use the fact A"(0) = A|(0) = for all a. This finishes the 
proof. □ 



CONTINUOUS HAMILTONIAN FLOWS 
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Now we denote by ham 00 (M,u) the subset 

(3.6) ham^M, w) := Im(Dev id ) c C°(M). 

Then Lemma 13.51 and the above discussion imply that ham^M^) is a subspace 
of the vector space C°(M). 

Therefore the union T — > Hameo{M, ui) forms a 'vector bundle' with a canon- 
ical trivialization 

Dev : T — ► Hameo(M,Lu) x ham 00 (M,u}) 
such that the following diagram commutes: 

T(Ham(M,uj)) — ► Ham(M,uj) x C™(M) 

(3.7) | I 

T — > Hameo(M,cu) x harrioc^M^u)) 

where the horizontal maps are induced by the developing map Dev defined above. 

Definition 3.7. We call T — > Hameo(M,u>) the hamiltonian tangent bundle 
of Hameo(M, u>). 

Definition 3.8. Let A : [a, b] — > Hameo{M,uj) be a continuous Hamiltonian 
path. We denote 

A'(s) := [A] A(s) 
and call the hamiltonian tangent vector of the path. 

By definition of the equivalence class [A]^ in Definition 13. 21 we can identify A'(s) 
with Tan(A)(s). Under this identification, we also have 

X'{s)o\(s)- 1 =Dev(A)(a). 

The above discussion somehow indicates that all continuous Hamiltonian path 'dif- 
ferentiable' and so carries a 'tangent vector field' which is continuous. 
The following questions seem to be important questions to ask. 

Question 3.9. (1) It is easy to see from definition that 

(3.8) ham^iM^) C ham 00 (M, uj) C C°(M). 

Are any of these inclusions strict? 

(2) Is ham's? (M,w) a subspace of C°(M) too? 

(3) Do we have a 'smooth' structure on Hameo(M, u>) so that T becomes its 
tangent bundle? 

(4) Is Hameo(M, ui) a Lie group? 

(5) Can we define a Poisson bracket on ham oa (M, u>)7 Or what is the maximal 
subspace of /iam 00 (M, u>) on which the bracket operation is defined in a 
way that it extends the standard Poisson bracket on C T ^(M)? 

We believe that the following conjecture is true. 

Conjecture 3.10. The subset hamoo(M,u) is a proper subset ofC°(M). 

We like to compare this conjecture to the following group analog proposed in 
[DM] 

Conjecture 3.11 ( |OM| ). Hameo(M,u) is a proper subgroup of Sympeoo{M,uj) 
in general. 
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It was shown in |OMj that this conjecture is true whenever the mass flow 
homomorphism is non-trivial or there exists a symplectic diffeomorphism that has 
no fixed point, e.g., T 2n . 

4. Extended Hofer length and the intrinsic norm 

In this section, using the uniqueness result of continuous Hamiltonians, we will 
extend the definition of the Hofer length function to the continuous Hamiltonian 
paths, and define its associated intrinsic distance function on Hameo{M,ui). 

First, the uniqueness theorem of Hamiltonian of a continuous Hamiltonian path 
enables us to define the following extension of the Hofer length to continuous Hamil- 
tonian paths. 

Definition 4.1. Let A e V ham {Sympeo(M,Lu),id). We define the length of a 
continuous Hamiltonian path 

A : V ham (Sympeo(M,Lu),id) -> M+ 

by 

(4.1) leng(A) := ||Dev(A)|| = / oscH t dt 

Jo 

where Dev(A) = H. We call this the Hofer length of the continuous Hamiltonian 
path A. 

The uniqueness theorem implies that leng(A) is also the same as the limit 

(4.2) lim leng(<^,) = lim ||^|| 

i — >oo i — >oc 

for any sequence {4>i, Hi) — > (A, H). In particular, the definition extends that of the 
smooth case. 

PROPOSITION 4.2. The function leng : P ham (Sympeo(M,uj),id) — > M satisfies 
the triangle inequality 

(4.3) leng(A^) < leng(A) + leng (/it) 
and is continuous. 

Proof. The triangle inequality (|4.3p is an immediate consequence of (|3.3p , i.e., 
Dev(A^) = Dev(A) + Dw(|i) o A -1 . 
The triangle inequality then gives rise to the inequality 

I leng(A) - leng(/i)| < leng(A~V) 
from which continuity of leng follows. □ 
Next we consider the action of Sympeo(M) on 

V(Homeo(M),id) x C°([0, 1] x M) 

given by 

(4.4) (^,(A,iJ))^(^- 1 A^, J ffo^) 

and we prove the invariance property of the length under this action. In [OMj . the 
action ()4.4|) was proven to map V ham (Sympeo(M, uj), id) to itself and so induce an 
action thereon. We denote this action on V ham (Sympeo(M,uj),id) by 

ip-\ = V> -1 AV>. 



CONTINUOUS HAMILTONIAN FLOWS 
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Now we prove the following theorem 

Theorem 4.3. The length function defined in \4-.l\j is invariant under the 
action on P ham (Sympeo(M,u),id). 

Proof. Let V € Sympeo(M,uj) and A 6 P ham (Sympeo(M,Lu),id). Then 

ip ■ A = lim ipi^Hiipi 

i — >oo 

with Hi o tpi converging for any sequence ipi € Symp(M, oj) with tpi — * ip uniformly 
and (4>Hi,Hi) — > (A, -ffoo) converging in C°-Hamiltonian topology. Therefore from 
the definition (|4.1|) and convergence (|4.2p . we derive 

leng(V' • A) = lim lengt^" 1 ^^) = um lengfc^ ) = leng(A) 

z — >oo i — >oo 

which finishes the proof. □ 

Next we recall the definition of Hofer displacement energy e(A): for every 
compact subset A c M, 

e(A) :=inf{||ff|| | H £ C°°([0,1] x M, R) , Afl^(A) = 0} 

H 

We can generalize this generalized context of continuous Hamiltonians: For every 
compact subset A C M, we define 

e(A) := inf{leng(A) | A € V ham (Sympeo(M, cj), id), A n A(1)(A) = 0}. 
Obviously we have e(A) > e(A). In addition, we prove 
Theorem 4.4. For every compact A C M, we /iave 

e(A) = e(A). 

Proof. For the opposite inequality, let S > 0. By definition ofe(A), we have 
A e V ham (Sympeo(M,Lu),id) such that A(1)(A) n A = and 

leng(A) <e(A) + -. 

Let ffi be a sequence of smooth Hamiltonians with hlim^^) = A. Then for all 
sufficiently large i we have 

\\H t \\ <leng(A) + | <e(A)+5. 
On the other hand, we have 

e(A) < \\H\\ 

since we have <pjj, (A) n A = for all sufficiently large i by the C°-convergence of 
(fa. — > ft., Pi ^4 = and compactness of A. Altogether we have derived 

e(A) < e(A) + 6. 

Since 5 > is arbitrary, this implies e(A) < e(A). This finishes the proof. □ 

Based on this theorem, we will just denote by e(A) the Hofer displacement en- 
ergy even in the continuous Hamiltonian category. The following is an analog to the 
well-known fact that e is invariant under the action of symplectic diffeomorphisms 
whose proof we omit referring to the proof of the more non-trivial case of spectral 
displacement energy in the next section. 
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Corollary 4.5. Let g G Sympeo(M,u>) and A be a compact subset of M. 
Then we have 

e(g(A)) = e(A). 

Now we can use the Hofer-length function generalized to the set of continuous 
Hamiltonian paths, and define an intrinsic norm of Hofcr-type on Hameo(M, uj) 
which in turn induces a bi-invariant distance on Hameo(M,u)). 

Definition 4.6 (Intrinsic norm). For any h G Hameo(M,uj), we define 

= inf{leng(A) | A G P ham {Sympeo(M,uj),id), eui(A) = h}. 

Then we define an invariant distance function 

d : Hameo(M, u) x Hameo(M, oj) — > K + 

by d(h,k) = Wh^kW. 

The following theorem is the continuous Hamiltonian analog to the well-known 
theorem on the Hofer norm on Ham(M,u>) [H] , 

Theorem 4.7. Let g, h G Hameo(M,uj). Then the extended Hofer norm func- 
tion 

|| • || : Hameo(M,Lu) -> R + 
is continuous in the Hamiltonian topology, and satisfies the following properties: 

(1) (Symmetry) \\g\\ = H.g" 1 1| 

(2) (Triangle inequality) \\gh\\ < ||<?|| + \\h\\ 

(3) (Symplectic invariance) gip\\ — \\g\\ for any tp G Sympeo(M,uj), 

(4) (Nondegeneracy) g — id if and only if \\g\\ = 0. 

Proof. The continuity is immediate from that of the length function leng in 
Definition 14. H and from the definition of Hameo(M,uS) in (|1.6j) . The symmetry is 
straightforward to check. 

For the symplectic invariance, we need to prove the identity ||g|| = ||'0 -1 (/'i/ ; ll- 
According to Definition 4.2 (2), we have 

(4.5) ||^V0ll < inf {leng^T^) | A G V ham (Sympeo(M,uj),id),ev 1 (X) = g) 

since it follows that if A(l) = h, then ip~ 1 \(l)ip = xp^hi/j. By the invariance 
Theorem 14.31 we have length(V> _1 AV>) = length(A). Substituting this into (|4.5|) . we 
have proven ||?/> _1 gV'll < IMI- Applying the same argument with ifi replaced by 
and g replaced by i/j~ 1 gip, we have also obtained ||?/>~ 1 g-0|| > \\g\\, which finishes 
the proof. 

Next we prove the triangle inequality and nondegeneracy in detail. Let S > 
be given. By Definition 14. 6i there exist A, /i G P ham (Sympeo(M,uj),id) such that 

ev~i(\) = g, evi(n) = h 

and 

S S 
leng(A) < \\g\\ + -, leng(/i) < \\h\\ + -. 

By definition, there exist sequences Hi, Fi of smooth Hamiltonians such that 

hlim^oo (</>#, , Hi) = A, hlim^oo (tf> Fi , Fi) = \i. 

On the other hand, since ~ev\(\\x) = gh, we have 

\\gh\\ < leng(A^) < leng(A) + leng( M ) < \\g\\ + 1^1 + S. 



CONTINUOUS HAMILTONIAN FLOWS 
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Since 6 is arbitrary, we have proven the triangle inequality. 

Finally we prove nondegeneracy. Suppose that id ^ g £ Hameo(M,u>). Since 
g id is a homeomorphism, there exists a small symplectic ball B(u) such that 
g(B(u)) (~1 B(u) = 0. Let A £ r P ham (Sympeo(M,u}),id) be any given element with 
evi (A) = gr. Choose a sequence (</>i, Hi) such that hlim(<^j, Hi) — A. Then we have 

(4.6) lim \\Hi\\= leng(A) 

i — >OG 

by (14. 2p . Since -B(m) is compact and g(B(u)) n -B('u) = 0, we also have 

(4.7) fa{B{u))C\B{u) = % 

for all sufficiently large i because fa — > g in C° topology. By definition of the Hofer 
displacement energy, (|4.7p implies 

(4.8) ||fl i ||>||^ i ||>e(B(«))>0 

for all sufficiently large i. The latter positivity follows from the energy-capacity 
inequality proven in [LM] . 

Then (|4.6p and (|4.8[) imply leng(A) > e(B(u)) > 0. Since this is true for any 
A e V ham (Sympeo(M,uj),id) with Wi(X) = g, this gives rise to ||#|| > e(B(u)) > 
and finishes the proof of nondegeneracy. □ 

However Stefan Muller [Muj pointed out that the answer to the following ques- 
tion is open 

Question 4.8 (Muller). Denote by || ■ \\nam and || • ||ff ame o the Hofer norm on 
Ham{M, u) and the extended Hofer norm on Hameo(M, to). Let <j) G Ham{M, lo) C 
H ameo{M , oj) . Does the following identity 

hold in general? 

This question can be shed some light on by relating it to the general construc- 
tion of path metric spaces (X, di) starting from a general metric space (X, d) in the 
point of view of Chapter 1 Gr2 , although the question is not exactly in the con- 
text of this general construction therein because of its interplay with the C°-metric 
in addition. 

5. Spectral invariants of continuous Hamiltonian paths 

In this section, we extend the definition and basic properties of the spectral 
invariants of Hamiltonian paths formulated in |Oh5j to continuous Hamiltonian 
category. 

For this extension, it is crucial to have the definition in the level of Hamilton- 
ian paths, i.e., on V ham (Symp(M,uj),id) as formulated in |Oh5j . not just on the 
covering space of Ham(M,ui). We refer to [VI] . [Ohll IOh2j . |Scj for the ear- 
lier definition of similar invariants in the context of exact cases. Furthermore the 
uniqueness theorem of continuous Hamiltonians will be crucial for the extension to 
the C° category. 

We first recall the definition and basic properties of the spectral invariants 
p(H;a) for a time-periodic Hamiltonian H from |Oh5j . but with some twists to 
incorporate the Hamiltonian topology in its presentation. 
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For a given time-periodic Hamiltonian and a choice of time-periodic almost 
complex structure J, we consider the perturbed Cauchy-Riemann equation 

du ( du A 
_ + j(_-^(t,«)J=0 

and its associated Floer complex d^u.j) '■ CF(H) — > CF(H). CF(H) has a nat- 
ural (increasing ) filtration CF X (H) ^ CF(H) for A e R induced by the action 
functional Ah- 

We call a Floer chain a a i*7oer cycZe if dmna = and denote its homology 
class by [a]. We define and denote the level of the chain a by 

Aff(a) = max{A | a £ CF A (F)}. 

Definition 5.1 (Definition & Theorem 7.7 |Oh5| 1. Let H be a time-periodic 
Hamiltonian. Let a ^ be a given quantum cohomology class in QH*(M), and 
denote by a b £ FH* the Floer homology class dual to a in the sense of [Oh5j. 
For any given Hamiltonian path A = <f>H £ 'P ham (Symp(M,u!),id) such that H is 
non-degenerate in the Floer theoretic sense, we define 

p(A; a) := p(ff; a) = inf {X H (a) \ [a] = a b } 

aGkcr Oh 

where a b is the dual to the quantum cohomology class a in the sense of [Oh5| . 
Then this number is finite for any quantum cohomology class a / 0. We call any 
of these spectral invariants of the Hamiltonian path A. 

We refer readers to |Oh5j for the complete discussion on general properties of 
p(H-a). 

Now let H : [0, 1] xM — > ffi be any smooth Hamiltonian, not necessarily periodic 
and let A = </># be its Hamiltonian path. We now explain how we associate the 
spectral invariant p(A; a) to such a path A. 

Out of the given Hamiltonian H, we consider the time-periodic Hamiltonian of 
the type where C is a reparameterization of [0, 1] of the type 



for < t < f 
for 1 - f < t < 1 



(5.1) at) = ■ 

and 

C'(*)>0 for all ie[0,l], 
and the reparameterized Hamiltonian by is given by 

H<(t,x)=('(t)H(C(t),x) 
which generates the Hamiltonian isotopy 1 1— > (ff^ in general. The following norm, 

(5.2) ||C-^IUam = ||C-*d||c°+ / IC'W-ll*- 



which measures a distance of £ from the identity parametrization, turns out to be 
useful as illustrated in [OMj . 

To assign a well-defined number p(A; a) depending only on H itself not on its 
reparameterization H 1 *, we note that any two such reparameterized Hamiltonian 
paths are homotopic to each other. The homotopy invariance axiom of the spectral 
invariants from |Oh5l IOh7) imply that the following definition is well-defined in 
that it does not depend on the choice of £. 



CONTINUOUS HAMILTONIAN FLOWS 
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Definition 5.2. Let A be any smooth Hamiltonian path and H be its gener- 
ating Hamiltonian. We pick a £ so that — id\\ham so small that all the properties 
in the C°-approximation Lemma |OM] hold. Then we define 

(5.3) p(X;a):=p(H<;a). 

In |Oh3j . |Oh5j . we proved the general inequality 

(5.4) / - max(K -H)dt< p(K; a) - p{H; a) < [ - min{K - H) dt 
Jo x Jo x 

for two nondegenerate Hamiltonian functions H, K . This enabled us to extend the 
definition of p(-;a) to arbitrary smooth Hamiltonian H by setting 

p{H-a) = p(H^-a). 

Theorem 5.3. For a smooth Hamiltonian path <f>u, we define 

p{(j)H\a) = p(H;a). 

Then the map p a : <j>u i— > p((f>H] a ) extends to a continuous function 

p a = p(-, a) ■ V ham (Sympeo(M, uj),id) -» R 

(in the Hamiltonian topology) and satisfies the triangle inequality 

(5.5) p(Xp;a ■ b) < p(\;a) +p(fi;b). 

PROOF. The first statement is an immediate consequence of Hamiltonian con- 
tinuity of 

p a : P ham (Symp(M, uj),id) -> R 

and the uniqueness theorem of continuous Hamiltonians from |V2] , |Oh9] : for any 
continuous Hamiltonian path A, we define 

(5.6) p(\;a)= Um p{Hi\ a) 

i — >oo 

for any Cauchy sequence ((fin^Hi) — > A. The uniqueness theorem implies that 
this definition is well-defined. And then (|5.4[) proves continuity of the extension on 
V ham (Sympeo(M, co), id). 

For the proof of triangle inequality, choose any smooth sequences A.; and pi 
converging to A and p respectively in the Hamiltonian topology. For smooth Hamil- 
tonian paths, the inequality 

(5.7) p(XiPi;a ■ b) < p{\\a) + p(p,i)b). 

was proven in |Oh5j (See |Scj also for the exact case). Using the continuity of p 
and taking the limit of this inequality, we have proved (|5.5p . □ 

Now we focus on the invariant p(A; 1) for 1 £ QH*(M). Recall the function 

1 (H)=p(H;l)+p(H; 1) 

was introduced for a smooth Hamiltonian path A = 4>h in |Oh5L IOh6j . We will 
change its notation here to norm 7 (A) not to confuse it with the same notation used 
for the spectral norm function 7 : Ham{M 1 lu) — > R below. The function norm 7 
was proven to be non-negative and to depend only on the path-homotopy class of 
A = 4>h in Ham(M,uj). 
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Definition 5.4 (Spectral pseudo-norm). Let A e V ham (Symp(M,ui),id) and 
H be a Hamiltonian such that A = <pH- Then we define the function 

norm 7 : P ham (Symp(M,uj),id) -> M + 

by setting norm 7 (A) = "f(H). We call norm 7 (A) the spectral pseudo-norm of A. 

Again the uniqueness of continuous Hamiltonians enables us to extend the 
definition to the continuous Hamiltonian paths. 

Proposition 5.5. The spectral pseudo-norm function norm 7 extends to a con- 
tinuous function 

norm 7 : V ham (Sympeo(M, w), id) -> R 

with the definition 

(5.8) norm 7 (A) = lim norm 7 (0/f i ) 

i — >oc 

for a (and so any) sequence ((pi, Hi) —> \ in C° -Hamiltonian topology. 

Proof. The proof is similar to that of the Hofer length leng in that it is based 
on the uniqueness of Hamiltonians and the triangle inequality 

norm 7 (A/i) < norm 7 (A) + norm 7 (/i() 

and so omitted. □ 

Recall that for a smooth Hamiltonian H each p(4>H] a) = p(H; a) is associated 
to a periodic orbit of Hamilton's equation x — Xjj(t,x) and corresponds to the 
action of the periodic orbit, at least for the rational symplectic manifold. (See 
|Oh5l IOh7| .) In this regard, the following question seems to be of fundamental 
importance. 

Question 5.6. What is the meaning of the extended spectral pseudo-norm 
norm— (A) in regard to the dynamics of continuous Hamiltonian flows? 

In [Oh6], the author has introduced the notion of spectral displacement energy. 
The following is the analog of the definition from |Oh6j of the spectral displacement 
energy in the continuous Hamiltonian category. 

Definition 5.7 (Spectral displacement energy). Let A c M be a compact 
subset. We define the spectral displacement energy, denoted by e^-(A), of A by 

e 7 (A) = inf{norm 7 (A) | A n A(1)(A) = 0, A e P ham (Sympeo(M,uj), id)}. 

By unraveling the definitions of Hamiltonian homeomorphisms and of the spec- 
tral displacement energy, we also have the following theorem whose proof will be 
the same as the Hofer displacement energy case and so omitted. 

Theorem 5.8. We have e^-(A) = e^(A) for any compact subset A c M . 

Again based on this theorem, we just denote the spectral displacement energy 
of A even in the continuous Hamiltonian category by e-y(A). Then we have the 
following theorem 

Theorem 5.9. For every ip £ Sympeo(M,uj) we have 

e 7 (A) = e 7 (V>(A)). 
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PROOF. We note that h(A) n A = if and only if iphtp^^A)) n ip(A) = 
0. Furthermore h G Hameo(M,uj) if and only if iphip -1 G Hameo(M,oj). This 
combined with the conjugation invariance of the Hofer length finishes the proof. □ 

Next we recall that in |Oh5| we introduced the non-negative function 
7 (0):= inf norm 7 (A)= iirf {p(F; 1) + p(H; 1)}. 

evi(\)=4> ffi-xp 

and proved that it satisfies the properties of a bi-invariant norm on Ham(M,Lo) 
which we called the spectral norm. The following definition extends this definition 
to Hameo(M, uj). 

Definition 5.10 (Spectral norm). Let h G Hameo(M,ui) and consider contin- 
uous Hamiltonian paths A G V ham (Sympeo(M,u>),id) with evi(0) = h. We denote 
by A h- > h if etJi(A) = h. We define 7 by 

(5.9) 7(/i) = inf{norm T (A) | A G V ham {Sympeo(M,uj),id), e«i(A) = ft}. 

The following establishes the analogs to all the properties of invariant norm in 
this continuous Hamiltonian context. 

Theorem 5.11. The generalized spectral function 7 : Hameo{M,oj) — > M + 
satisfies all the properties of an invariant norm stated in Theorem \4-7\ 

Proof. The proof will be essentially the same as that of the Hofer norm once 
the following continuity lemma for the smooth case is proved. 

Lemma 5.12. The function 7 : Ham(M,u>) — > R+ is continuous in the Hamil- 
tonian topology of Ham(M,uj). 

Proof. Let H 1— > 4> an d K ^ ip. Then the triangle inequality of 7 and the 
inequality 7(0) < \\<p\\ imply 

W) - 7WOI < 7(0~V) < < \\H#K\\. 

In particular, we have 

(5.10) l7fo)-7W0l< inf , 

Now let ^ G Ham(M, u) and e > be given. Recalling the fact that ei>i is an open 
map (see Corollary 3.17 |OM| ) we consider the open neighborhood evi(U(4>H,£i, £2)) 
of cj) where <$> X H = 4>. Now let ip G evi(U((pH, £ ii £2)) i-e., -0 = 0^ for some 
(/>#: G U(<pHi £ ij £2)- Then we have 

||###|| < £i, d(<l)H,4>K) <£2 

by the definition of U((/>h , £1, £2)- Therefore if we choose £1 = £ and £2 is ant/ 
finite number, we have |7(<^>) — 7(V0I < £ which proves the continuity of 7 in the 
Hamiltonian topology. □ 

We omit the rest of the details of the proof referring to the corresponding proofs 
of Theorem UJ] □ 

Question 5.13. The following questions seem to be interesting to study. 
(1) Is 7 (or 7) continuous in the C°-topology? 
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(2) Does the following identity 

(5-11) l\Ham(M,oj) = 7 

hold? This is the spectral analog to Muller's question, Question 

6. Calabi quasi-morphism on V ham (Sympeo(S 2 ) , id) 

In the rest of this section, we will restrict to the case of the sphere S 2 with 
the standard symplectic form u>g2 on it. Omitting the symplectic form ujg2 from 
their notations, we just denote by V ham (Sympeo(S 2 ) 7 id), Hameo{S 2 ) the groups 
of continuous Hamiltonian paths and of Hamiltonian homeomorphisms on S 2 re- 
spectively, and so on. 

We first state the following proposition which is the path space version of 
Theorem 3.1 [EP by Entov and Polterovich. 

Proposition 6.1. Consider S 2 with the standard symplectic form cos 2 on it- 
Let H, F be smooth normalized Hamiltonians satisfying. Then the spectral invariant 
p(H; 1) satisfies 

(6.1) Wh4>f\ 1) - {p(4>Hi i) + p(0f; i))| < R 

for some constant R — R(S 2 ) > depending only on uig2 but independent of H, F. 
In particular, the map 

p(-; 1) : V ham (Symp(S 2 ),id) -» K 
defines a quasi-morphism. 
PROOF. The inequality 

(6.2) p{<i>H<t>F\ 1) - (p(<t>Hl 1) + p{<t>F] 1)) < 



is nothing but a special case of the triangle inequality (|6.2|) . The existence of a 
constant R > such that 

(6.3) p(Mf; 1) - W^Bi 1) + p{<t>F\ 1)) > -R 

was proved by Entov and Polterovich (See the proof of Theorem 3.1 [EP] in the 
context of the covering space Ham{S 2 ) but its proof equally applies to the context 
of the path space). Combination of (|6.2j) and (|6.3p finishes the proof. □ 

We refer to |GG| , |EP| for the general discussion on the basic properties of the 
quasi-morphism. 

Based on this quasi-morphism 1), Entov and Polterovich defined a homo- 
geneous quasi-morphism on the universal covering space Ham(S 2 , fl) 

/x : HaTniS 2 ^) -> K 

by the formula 

(6.4) m = (( cos 2 ) ■ lim ^ill. 

\J S 2 ) i^<x m 

We like to point out that due to the different conventions used in |EPj , the negative 
sign in the equation (17) |EPj does not appear in our definition. 

Obviously this definition of homogeneous quasi-morphism can be lifted to the 
level of Hamiltonian paths: 
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Definition 6.2. We define a homogeneous quasimorphism 
H path : V ham (Symp(S 2 ),id) R 

by the same formula 

(6.5) ^(A)=(7 ^ 2 Vh m ^ill. 

\J S 2 J woo m 

From the definition above and the hamiltonian-continuity of p(-; 1), it follows 
that fjP ath is also hamiltonian-continuous. 

The following two propositions concerning the quasi-morphism pP ath were es- 
sentially proved by Entov and Polterovich [EP | . 

PROPOSITION 6.3 (Compare with Proposition 3.3 |EPj ). Suppose that U C S 2 
that is displaceable, i.e., there exists <fi G Ham(S 2 ) such that 4>{U) (~l U = 0. Then 
we have the identity 

fiP ath (\) = Cal path (X) 

for all A with 

supp A C U. 

Entov and Polterovich called this property the Calabi property of a quasi- 
morphism. We recall that Cal path (X) is defined by the integral 

(6.6) C&\ path (\)= f f H{t,x)n^ 

Jo Jm 

when A = 4>h- Here f2 w is the Liouville volume form normalized so that J M = 1. 

Proposition 6.4 (Proposition 3.4 [EPj l. The quasi-morphism n path pushes 
down to a homogeneous quasi-morphism fi : Ham(S 2 ) — > M. Furthermore fi is 
continuous on Ham(S 2 ) with respect to the Hamiltonian topology. 

Proof. The proof of the first fact verbatim follows from that of Proposition 
3.4 |EPj . The continuity statement immediately follows from the hamiltonian- 
continuity of p(-; 1) and the definition of the Hamiltonian topology on Ham(S 2 ). □ 

For any given open subset U C 5 2 , we denote by 

V ham (Sym Pu (S 2 ),id) 

the set of Hamiltonian paths supported in U. 

An immediate corollary of these two propositions is the following homomor- 
phism property of ^ restricted to V ham (Sympu(S 2 ),id). 

COROLLARY 6.5. Suppose that U is an open subset of S 2 such that U is dis- 
placeable on S 2 and let 

Ali \ 2 eV ham (Sym Pu (S 2 ),id). 

Then we have 

/i pot/l (AiA 2 ) - /i path (Ai) + M pa " l (A 2 ). 

Now we extend all the above discussions to the level of continuous Hamiltonian 
paths. But these generalization immediately follow once we know the facts that 

(1) /?(•; 1) has been extended to T jham (Sympeo(M,uj),id) for an arbitrary 
closed symplectic manifold, i.e., in particular for (S^tt^) in section [5l 
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(2) In addition, this extension is hamiltonian-continuous, i.e, continuous in 
the Hamiltonian topology. 

We summarize the above discussion into the following theorem. 

Theorem 6.6. We have an extension of pP ath : V ham (Symp(S 2 ),id) -> R to 
a quasi-morphism 

-path . pham^ Sympeo ^ id) ^ R 

that satisfies all the analogs to Proposition \6.J\ and the Calabi property. 

Now we state the following conjecture, which we strongly believe would play 
an essential role in the study of simpleness question of the area preserving group 
of S 2 (and also of D 2 ). (See Theorem 17.61 and 17.81 for some indication.) Recall 
from [EPj that the corresponding fact was proved by Entov and Polterovich for the 
group Ham(S 2 ) of smooth Hamiltonian diffcomorphisms on S 2 . 

Conjecture 6.7. LetJiP ath : P ham (Sympeo(S 2 ),id) -> R be the above exten- 
sion of the homogeneous Calabi quasi-morphism given in \6.5}) . This pushes down 
to a homogeneous quasi-morphism ~p : Hameo(S 2 ) — > R that satisfies 

(6.7) Jl path =J[oev 1 . 

In particular, ~pP (X) depends only on the time-one map A(l) of A as long as A 
lies in T ham (Sympeo(S 2 ),id). 

An immediate corollary of Conjecture 16.71 and of the Calabi property of ~f]P ath 
would be the solution to the following conjecture 

Conjecture 6.8 (Fathi [F]). The Calabi homomorphism Cal : Ham(D 2 ,dD 2 ) - 
R is extended to a homomorphism 

Cal : Hameo(D 2 , dD 2 ) -> R 

that is continuous in Hamiltonian topology. 

In the next section, we will explain how validity of this conjecture together 
with the smoothing theorem |Oh8j . would imply properness of Hameo(D 2 , dD 2 ) 
in Homeo n (D 2 ,dD 2 ) and hence lead to the proofs of non-simpleness both of 
Homeo n (D 2 ,dD 2 ) and of Homeo n (S 2 ). 



7. Discussion: wild area preserving homeomorphisms on D 2 and on S 2 

In this section, we will describe an example of a compactly supported area 
preserving homeomorphism in Sympeo(D 2 , dD 2 ) that would not be contained in 
Hameo(D 2 ,dD 2 ), if Conjecture \6.8\ should hold. Then this would imply that 
Hameo(D 2 , dD 2 ) is a proper normal subgroup of Sympeo(D 2 , dD 2 ). Combination 
the above chain of statements would give rise to non-simpleness of Homeo (D 2 , dD 2 ) , 
via the following theorem which is a corollary of the smoothing theorem from [Oh8 , 

m- ' 

Theorem 7.1 (Theorem I |Oh8j ). We have 

Sympeo(D 2 ,dD 2 ) = Homeo n (D 2 ,dD 2 ). 
for the standard area form fl on D 2 regarding it also as the symplectic form u> = CI. 
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This being said, we will focus on construction of an example of a wild area- 
preserving homeomorphism on D 2 . For this description, we will need to consider 
the conjugate action of rescaling maps of D 2 

R a : D 2 (l) -> D 2 (a) C D 2 (l) 

for < a < 1 on Hameo(D 2 ,dD 2 ), where D 2 (a) is the disc of radius a with its 
center at the origin. We note that R a is a conformally symplectic map and so 
its conjugate action maps a symplectic map to a symplectic map whenever it is 
defined. 

Furthermore the conjugation by R a defines a map 

i ► R- l °cj>oR a ■ Hameo{D 2 ,dD 2 ) -> Hameo(D 2 (a),dD 2 (a)) C Hameo{D 2 , dD 2 ) 

and the conjugation by R~ l defines a map 

Hameo{D 2 (a),dD 2 (a)) -> Hameo{D 2 , dD 2 ). 

We have the following important formula for the behavior of Calabi invariants 
under the Alexander isotopy. 

Lemma 7.2. Let X be a given compactly supported continuous Hamiltonian path 
on D 2 and r\ > be a small constant such that supp X C D 2 (l - rj). We define 
X a : D 2 — > D 2 defined by 



X a (t,x) 



aX(t, 5) for \x\ < o(l - »j) 
a; otherwise 

for < a < 1 . T/ien A a is also a continuous Hamiltonian path on D 2 and satisfies 

(7.1) Cal pat/l (A a )=a 4 Cd pat/l (A). 

Proof. A straightforward calculation proves that A a is generated by the (unique) 
continuous Hamiltonian defined by 

'- 2 H(t^) for \x\ < a(l - rf) 



Dev(X a )(t,x) = 



a 

otherwise 



where H = Dev(A): Obviously the right hand side function is the hamiltonian-limit 
of Dev(Ai ia ) for a sequence Xi of smooth hamiltonian approximation of A where Ai jfl 
is defined by the same formula for A^. 
From this, we derive the formula 



Caf a " l (A Q ) = / / a 2 H(t,-)nAdt 

J0 JD 2 (a(l-r])) ^ a ' 

= a 4 / / H{t,y)nAdt = a 4 C^l path (X) 
Jo Jd 2 

This proves (f7T|) . □ 



Here comes a construction of an example of wild area preserving homeomor- 
phisms, which is an enhancement of the one described in Example 4.2 OM . 

Example 7.3. With the above preparations, we consider the set of dyadic 
numbers ^ for k — 0, • • • . Let (r, ff) be polar coordinates on D 2 . Then the 
standard area form is given by 

oj — r dr A d6. 



26 



YONG-GEUN OH 



Consider maps 4>k ■ D 2 — > D 2 of the form given by 

<fe=0 Pfc :(r,9)^(r,9 + p k (r)) 

where p k : (0, 1] — > [0, oo) is a smooth function supported in (0, 1). It follows (j> Pk 
is an area preserving map generated by an autonomous Hamiltonian given by 

F <f> k ( r ,°) = - J sp k (s)ds. 
Therefore its Calabi invariant becomes 

(7.2) Ca\(^) k ) = -J fj^ s Pk (s)df^jrdrd6 = 2n jl f r 2 p k {r)dt. 

We now choose p k in the following way: 

(1) p k has support in < r < 

(2) For each k = 1, • • • , we have 

(7.3) Pfc(r)=2 4 p fc -i(2r) 

for r e (^, 5^t). 

(3) Cal(0i) = 1. 

Since have disjoint supports by construction, we can freely compose without 
concerning about the order of compositions. It follows that the infinite product 

is well-defined and defines a continuous map that is smooth except at the origin 
at which 4> p is continuous but not differentiable: This infinite product can also be 
written as the homeomorphism having its values given by <fi p (0) = and 

4> p (r,0) = (r,0 + p(r)) 

where the smooth function p : (0, 1] — > R is defined by 

P( r ) = Pk{r) for [^r, 2ifer], k= 1, 2, 

It is easy to check that 4> p is smooth D 2 \ {0} and is a continuous map, even at 
0, which coincides with the above infinite product. Obviously the map 0_ p is the 
inverse of <j) p which shows that it is a homeomorphism. Furthermore we have 

4>*(rdrAd9)=rdrAd6 on D 2 \ {0} 

which implies that <p p is indeed area preserving. 

The following lemma will play an important role in our proof of Theorem 17.61 

Lemma 7.4. Let 4>k the diffeomorphisms given in Example \ 7.3\ We have the 
identity 

(7.4) Ri o^oR- 1 =4> k . 

2 2 

In particular, we have 

(7.5) Cal(fo) = Cal(^ fe _i). 
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PROOF. Using (|7.3p . we compute 

JJio^ofi^^) = (r,0 + p fc _i(2r)) = (r,6 + ^p k (r) 

where the second identity follows from (|7.3[) . Iterating this identity 2 4 times, we 
obtain (f7T)) from (fT3j) . The equality (|73|) follows from this and (jTTTj) . □ 



An immediate corollary of this lemma and (|7.3p is the following 
Corollary 7.5. W^e have 

Gal(0 fc ) = 1. 

/or all k = 1, • • ■ 

Now we are ready to give the proof of the following theorem. 



Theorem 7.6. Validity of Coniecture \6.8\ implies that tfi p cannot be contained 
in Hameo{D 2 ,dD 2 ). 

PROOF. Suppose to the contrary that 4> p S Hameo(D 2 , 3D 2 ). 
Then its Calabi invariant has a finite value which we denote 

(7.6) CaT(0 p ) = C x 

for some C\ £ R. We will derive a contradiction out of this finiteness. 
Writing tf> p = tppfipN where 



i=lVt 
oo 



^jy = n° =Ar+lVi , 

we derive 

(7.7) d = CS(V'jv) + CaT(^ JV ) 

from the homomorphism property of Cal. Here we note that ipN is smooth and so 
obviously lies in Hameo(D 2 , dD 2 ). Therefore it follows from the group property of 
Hameo(D 2 ,dD 2 ) that ipN lies in Hameo(D 2 ,dD 2 ) if </> p does so. 
Now we set N = 1 and derive 

Cal(^i) = Cal(V>i) - Cal(0i) = 1 

from Corollary [73J and hence 

(7.8) CaT(^i) = Ci - 1. 

On the other hand, applying (|7.4|) iteratively to the infinite product 



i=2 

we show that tpi satisfies the identity 

fi?i o eff o Rl\r, 9) for < r < \ 
\(r,9) for | < r < 1. 



(7.9) ^i(r,( 
Note the identity 



Zi o $ o Rj 1 (r, 0) = (fli o p o i?7 x ) 2 (r, 
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This, the homomorphism property of Cal and Lemma 17.21 applied for a = | give 
rise to 

Cal(^jv) = 2 4 CaI(i?i o o RJ 1 ) 

2 2 

(7.10) = 2 4 (1) CaT(0 p ) = CaT(<^) = Ci 

It is manifest that (|7.8|) and (|7.10|) contradict to each other. This finishes the 
proof. □ 



Next we prove the following S 2 analog to Theorem l7.61 We first prove 
Theorem 7.7. Conjecture \ 6. 7| implies Coniecture \6.8\ 

Proof. Embedding D 2 — > S 2 as the upper hemisphere, we identify D 2 with 
the upper hemisphere D + C S 2 . For any given <f> € Hameo(D 2 ,dD 2 ), we extend 
the map to S 12 by putting the identity map on S" 2 \ D + and denote the extended 
map on S 2 by 4>. Then we define 

CaT(0) 

By Corollary 16. 5[ the Calabi property oifjP ath and Conjecture 16. 7[ it follows that 
Cal defines a well-defined homomorphism which extends the usual Calabi homomor- 
phism Cal : Ham{D 2 , dD 2 ) — > R to Hameo{D 2 ,dD 2 ). This finishes the proof. □ 

Next we prove 

Theorem 7.8. Validity of Conjecture \6. 7| implies that the group Hameo(S 2 ) is 
a proper subgroup of Homeo(S 2 ), and hence that Homeo(S 2 ) is not a simple group. 

Proof. Embedding D 2 — > S 2 as the upper hemisphere, we identify D 2 with 
the upper hemisphere D + C S 2 and extend the homeomorphism <\> p on D 2 to an 
area preserving homeomorphism on S 2 by the identity on S 2 \ D + . We denote the 
extension by <p p . 

We claim <j> p is not in Hameo(S 2 ). We denote by Calo+ the extension obtained 
in Theorem l7.7l Suppose <f> p is in Hameo(S 2 ) and so Ji(4>p) has a finite value. Then 
by the Calabi property of 7i we have 

Cabj+Op) = JiQ>p) 

and so Cal£>+ (<p p ) must have a finite value. But this gives rise to a contradiction 
by the proof of Theorem 17.61 This finishes the proof. □ 

In conclusion, Conjecture \6.7\ is the one to beat! 
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